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Problem area 
Design and certification of 
modifications of platforms of the 
RNLAF may require aeroelastic 
analyses to ensure safety. The 
structural dynamics model of the 
platform is one of the cornerstones 
for aeroelastic analysis. However, 
structural dynamics models 
resulting from structural design 
studies are often too large for direct 
usage in aeroelastic analysis. 
Therefore there is a need for 
mathematical model reduction 
methods which reduce a structural 
dynamics model to a model with 
less complexity, while keeping the 
relevant characteristics 
(flutterspeed, frequency, damping et 
cetera) for subsequent aeroelastic 
analysis. 
 
Description of work: 
In the Composite Wing study for 
the Netherlands Ministry of 
Defence the replacement of the 
metal skin parts of the F-16 wing by 
composite substitutes is studied. For 
safety analysis, the aeroelastic 
behaviour of the F-16 with 
composite wing parts needs to be 
studied. Mathematical reduction 
methods need to be applicable on 
the complex structural dynamics 
model for the composite wing. 
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To obtain a suitable model 
reduction method, aeroelastic 
criteria for structural dynamics 
model reduction have been 
developed. Next mathematical 
model reduction methods have been 
investigated and a selection of these 
methods has been implemented in 
NLR’s Model Order Reduction for 
Structural Applications (MORSA) 
tool. The selected model order 
reduction methods have been 
applied in several case studies on a 
set of windtunnel and aircraft 
models ranging from an AGARD 
model to the complex structural 
dynamic model for the F-16 (with 
metal wing). After these case 
studies a few reduced-order models 
have been made for two F-16 
structural dynamics models, which 
were subjected to flutter analysis in 
order to evaluate the suitability of 
the model reduction methods for 
subsequent aeroelastic analysis. 
 
Results and conclusions: 
For the verification case of an 
existing F-16 structural dynamics 
model, which was developed for 
aeroelastic analysis, with a common 
number of degrees of freedom the 
selected methods work robustly and 
can be used as a black-box tool. The 
flutter results, speed, frequency, 
damping  and mode shapes, are 
almost invariant to the selected 
strategy. The convergence 
behaviour of the baseline results 
with respect to the number of 
modes used in the analysis is 
reproduced by the reduced model. 
For the benchmark case of an F-16 
structural dynamics model, which 
was not specifically developed for 
aeroelastic analysis, with a large 
number of degrees of freedom, the 
model reduction method cannot be 
used as a black-box tool and 
requires training and user 
intervention to obtain correct 
results.  
 
Applicability: 
For structural dynamics models of 
current platforms of the RNLAF 
with a common number of degrees 
of freedom suitable mathematical 
model reduction methods are 
available in NLR’s MORSA tool. 
There exists a driving need to build 
up further experience with the 
mathematical model reduction 
methods as there is a tendency for 
growing number of degrees of 
freedom in the computational 
models. The present results provide 
a firm basis to build up such 
experience. 
 
Besides the growing number of 
degrees of freedom, there is also a 
tendency that modern 
structural dynamics models are 
more and more able to represent 
complex behaviour such as non-
proportional damping and 
nonlinearity. This complexity 
needs a specific treatment in 
mathematical model reduction, 
which has not been studied yet. For 
safety of future RNLAF platforms 
there is an urgent need to build up 
the capabilities to reduce modern 
structural dynamics models for 
subsequent aeroelastic analyses. 
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Abstract. The structural dynamics model is one of the cornerstones in model-based
aeroelastic applications on aerospace vehicles. However, the structural dynamics model
resulting from structural design studies is often too complex for direct usage. For aeroe-
lastic applications the relaxations needed on the level of complexity of the structural
dynamics model may typically concern linearity and a smaller number of degrees of free-
dom in the model. These relaxations are even more severe if the aeroelastic application
requires multiple aeroelastic analyses in a short period of time required in control, optimi-
sation, and uncertainty evaluation. To obtain simple, small structural dynamics models,
mathematical model reduction techniques may be applied on large, complex structural
dynamics models, which have been obtained from structural design.
This paper presents the novel application of model reduction techniques for aeroelastic
analysis of an F-16 in the Composite Wing study for the Netherlands Ministry of De-
fence. The paper reviews in-depth various mathematical model reduction methods for
reduction of the F-16 structural dynamics model. Numerical results on the reduction
of well-understood smaller models (e.g. the well known AGARD transonic testcase) are
presented in terms of well-defined criteria for model reduction. Finally the full complex
structural dynamics F-16 model is reduced in complexity. Subsequent aeroelastic analysis
with the resulting reduced model are presented in order to check whether the reduced
model still represents the correct aeroelastic behaviour of the F-16 aircraft.
1 INTRODUCTION
This paper presents the novel application of mathematical model reduction techniques for
aeroelastic analysis of an F-16 in the Composite Wing study for the Netherlands Ministry
of Defence (see [1]). The objective of this study is to design a modification of the F-16 wing
replacing specific metal parts by composite substitutes, in order to extend the knowledge
about the application of composite materials in future fighter aircraft (see Figure 1).
In this application the starting point is the structural dynamics model obtained from
extending an available static structural model for the F-16 with inertial terms (see [2]).
This structural dynamics model has sufficient structural detail to replace metal parts by
composite parts, but, as a natural consequence, the model has a large number of degrees
of freedom. In view of the aeroelastic analysis there is a need for mathematical model
reduction in order to reduce the number of degrees of freedom.
Model reduction of structural dynamics models in aerospace has already a long history. In
order to build a model of an aerospace vehicle from a hierarchy of component models, the
1
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component models were reduced so that the computational complexity was manageable.
Model reduction has also been developed in various non-structural domains. In particular
in systems and control theory generic mathematical model reduction techniques have been
developed. Recently the application of such generic methods for reduction of structural
dynamics models has drawn attention also in the aeronautical world, as witnessed in
recent literature.
Figure 1: RNLAF’s F-16 Orange Jumper and artist impression of replacements of wing metal parts by
composite substitutes.
The paper is organised as follows. Chapter 2 presents the aeroelastic criteria for struc-
tural dynamics model reduction. Chapter 3 presents an overview of mathematical model
reduction methods. Chapter 4 shows the results from case studies of finite element model
reduction. Chapter 5 present the novel aeroelastic application of the model reduction.
Finally, Chapter 6 contains the conclusions and recommendations.
2 AEROELASTIC CRITERIA FOR STRUCTURAL DYNAMICS MODEL
REDUCTION
2.1 Objectives
This paper considers model reduction of structural dynamics models. The main results
have been obtained for large linear finite element models (FEM) of the form
Mx¨+Kx = f, (1)
where x and f are n-dimensional vector-valued functions of time t. The vector x(t) is the
displacement response vector at the nodes of the FEM at time t. The vector f(t) is the
vector of forces and torques applied at these nodes at time t. The mass matrix M and
the stiffness matrix K are assumed to be positive definite.
For current mainstream models the number of degrees of freedom n is in the order of
105, 106, or 107. In addition, the matrices M and K are sparse. Typically the number
of nonzero entries of M and K is in the order of n. The number of degrees of freedom is
currently too large for direct application in aeroelastic analysis.
For aeroelastic application the model reduction should result in a discrete representation
MRx¨R +KRxR = fR, (2)
2
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with associated mode frequencies ωR and mode shapes φR. The vector-valued function
xR consists of nR elements equal to the reduced degrees of freedom, with nR << n.
The following aeroelastic requirements on model reduction have been considered initially,
with error bounds in terms of parameters y, y = m, k, r, f, n, p, a:
Mass ‖MR ‖i > m‖M ‖2 meaning that states with a relative low kinetic energy per-
formance might be neglected. The norms are Frobenius norms. The suffice i means
that the summation in the Frobenius norm is restricted to i-th column.
Stiffness ‖ KR ‖i > k‖ K ‖2 meaning meaning that states with a relative low strain
energy performance might be neglected.
Frequencies 2r < ‖M−1R KR ‖i < 2f meaning that states with a near rigid or a very high
frequency behaviour might be deleted from the analysis.
Degrees of Freedom nR < nn.
Modeshapes ‖ TφR − φ ‖i < p meaning that vibration modes φ of the original model
(1) should be accurately presented with a reduced number of degrees of freedom. T
is the prolongation (interpolation) operator between the reduced and the original
FEM set.
Coupling ‖ V δ
δs
φR + fφR ‖i,j > a meaning that vibration modes which are aerody-
namically inefficient might be deleted from the analysis. s is streamwise direction
and V the speed.
Here the system-dependent parameters might be set to: r = 0.5 Hz, f = 500 Hz,
n = 0.001, p = 0.05, based on experience with real system models such as the AGARD
wing model and teh F-16 models described, and the values of m, k, and a may need to
be investigated.
In this paper model reduction is carried out (cf., [3]) by applying a n×nR transformation
matrix T (previously called the prolongation operataor) with nR small such that the
coordinate transformation x(t) = Tz(t) results in the reduced nR-th order model
MRz¨ +KRz = fR,
with MR = T
TMT, KR = T
TKT, fR = T
Tf .
In view of the initial aeroelastic requirements Degrees of Freedom, Modeshapes, and
Coupling, the reduced model is requested to satisfy the following criteria
1. nR is much smaller than n, typically in the order of 10
1 ,
2. the modes of (2) are ”close” to the modes of (1),
3. the modes of (2) include the modes of (1) that are ”relevant” for aeroelastic analysis,
4. the computational turn-around time of the model reduction is acceptable.
The intial aeroelastic requirements Mass, Stiffness, and Frequencies are not repre-
sented in the list of criteria, since they suggest a reduction method by simple removal of
states. Criterion 2 is usually referred to as a modal criterion. To further detail the criteria
it is needed to define the meaning of ”close” in criterion 2 and of ”relevant” in criterion
3.
3
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2.2 Modal criterion
In this paper the modal criterion is computed as both the percent error of natural fre-
quency (PE) and the correlated coefficient for modal vector (CCFMV). If φj is a mode
shape of (1) with natural frequency ωj and if φR,k is a mode shape of (2) with natural
frequency ωR,k then the PE is
PE(ωR,k, ωj) =
ωR,k − ωj
ωj
× 100%,
and the CCFMV is
CCFMV(φR,k, φj) =
|φTj φ˜k|(
[φTj φj][φ˜
T
k φ˜k]
)1/2 ,
where φ˜k denotes the embedded k-th mode shape of the reduced model, i.e., φ˜k = TφR,k.
Both the PE and CCFMV criteria are in terms of the mode frequencies and mode shapes of
the large, original model. Not all mode frequencies and mode shapes of the original model
may be available and this could make the evaluation of the modal criteria impossible.
In this study we therefore evaluated three alternative modal criteria R1, R2, and C1,
defined as,
R1 =
(ω2RM −K)φ˜
‖φ˜‖ , R2 =
(ω2RM −K)φ˜
ω2R‖φ˜‖
, C1 =
φ˜TKMφ˜
(φ˜TK2φ˜φ˜TM2φ˜)1/2
.
Alternative R1 is to consider the residu in the eigenvalue equation of the embedded mode
shape. Alternative R2 is to scale this residu by the factor 1/ω
2
R. Alternative C1 is to
consider the correlation of Mφ˜ and Kφ˜.
2.3 Relevant modes
The number of mode frequencies and mode shapes of the reduced model is obviously
smaller than the number of mode frequencies and mode shapes of the original model.
Therefore it needs to be described which mode frequencies and mode shapes should be
kept at least and/or which mode frequencies and mode shapes may be lost in the reduction
process.
In view of the Coupling requirement it is therefore proposed to keep (at least) the
mode frequencies and mode shapes that have a relatively large impact in the normal
direction of the wings compared to the coordinates for all other degrees of freedom. The
following computational criterion is proposed. Let φt,j be the 3-dimensional translational
displacement of the mode shape φ at the j-th node. Let the collection of nodes at the
wings surfaces be indexed by {i1, i2, . . . , iM}. The aerodynamic wing normal efficiency
α(φ) of the mode shape φ is defined to be the average normal coordinate of the mode
shape at the nodes of the wings surfaces, i.e.,
α(φ) =
(∑Mj=1(φTt,ijnij)2∑N
j=1 φ
T
t,jφt,j
)1/2
,
where nij is the normalised normal vector to the wing surface in node ij for j = 1, 2, . . . ,M .
Notice that the aerodynamic wing normal efficiency is a number between 0 and 1. If the
4
  
NLR-TP-2009-229 
  
 7 
 
aerodynamic wing normal efficiency is 1, then the mode shape is moving orthogonal to
wing surface. Therefore it is investigated to keep the mode shapes with aerodynamic wing
normal efficiency close to 1 in the reduced model.
3 MODEL REDUCTION METHODS
3.1 Overview
Model reduction is applied in many engineering disciplines. For the purpose of reduction
of the structural model of an aircraft the relevant domains are the structural modelling
domain (in particular FEM) and the systems and control theory domain.
Model reduction in the systems and control theory domain has its origin in first-order
systems. The relevant first-order systems are described by
x˙ = Ax+Bu (3)
y = Cx (4)
where the input u is an m-dimensional vector-valued function, the state x is an n-
dimensional vector-valued function, and the output y is the p-dimensional vector-valued
function. The matrices A, B, and C are of appropriate sizes. In the frequency domain
the input-output relation is given by y(s) = H(s)u(s) for complex numbers s, where H(s)
is the rational matrix-valued function given by H(s) = C(sI − A)−1B.
In systems and control theory the objective is to accurately represent the input-output
behaviour and to represent the input-output behaviour in the reduced model. Choosing
appropriate inputs and outputs the relevant behaviour may be kept during reduction.
FEM reduction methods are based on full state space models and hence do not allow such
reduction strategy.
3.2 Model reduction in the systems and control theory domain
The present literature on model reduction in systems and control focuses mainly on first-
order systems. Some specific attention is paid to structure-preserving methods and to
second-order systems. Frequently applied methods for model reduction for first-order sys-
tems are balanced truncation methods, (rational) Krylov methods, and proper orthogonal
decomposition (POD) methods. In the following paragraphs the main characteristics of
these methods are described from the perspective of our application. More details of the
methods can be found in [4] and its references.
The strong point of the (standard) balanced truncation method is that there is an a priori
estimate of the error in the transfer function of in the reduced model:
‖H −Hr‖∞ = sup
s=iω
‖H(s)−Hr(s)‖2 ≤ σ,
where the upper bound σ depends only on the original transfer function H(s).
For application to the reduction of finite element models with many degrees of freedom
the most important issues of balancing methods are: balancing methods assume that
the system is stable, balancing methods are applied to first-order systems, and balancing
5
  
NLR-TP-2009-229 
  
 8 
 
methods are computationally complex. For balancing of unstable systems some sugges-
tions are given in Section 7.6.5 of [4]. Balancing within the class of second-order systems
has recently attracted attention in [5] and [6]. But in these cases no error bound is given.
Balancing for descriptor systems, including error estimates, is discussed in [7] and [8]. The
computational complexity of standard algorithms for balancing is typically of the order
n3. The recent preprint [9] considers approximation of the Grammians in the balanced
model reduction method for sparse descriptor systems. A second-order example (based
on descriptor systems)of order 80000 is claimed to run in 10 minutes using parallellisation
on 6 processors.
Rational Krylov methods are based on the (converging) power series development of the
first-order system (3), (4) around a complex point λ that is not an eigenvalue of A, i.e.,
H(s) =
∞∑
j=0
(s− λ)jHj
Rational Krylov derives a reduced system with HR(s) =
∑∞
j=0(s− λ)jHR,j for which the
first kλ moments of the transfer functions are matching, i.e., Hj = HR,j, j = 0, 1, . . . kλ.
The choice of appopriate λ-s is currently topic of research.
Rational Krylov methods have recently got attention for second-order systems, like the
FEM (1), see e.g. [6], [10], and [11]. Promising results are presented in various recent
papers by Rudnyi and Korvink, (see, e.g. [12]) claiming results up to orders of n = 500.000.
A priori estimates for the error in the reduced system are not given.
Proper orthogonal decomposition (POD) is a general method to obtain small size linear
models from experimental data. The method is also referred to as empirical eigenvector
method or Karhunen-Loe´ve transform. In our model reduction problem, the experimen-
tal data come from numerical simulations with large, dynamic FEM. POD methods are
applied to both non-linear and linear systems. In general there is no a priori estimate
on the model reduction error. With appropriate loadings the POD method can be very
efficient in terms of the dimension of the reduced model.
The POD method is usually applied on snapshots in the time domain, but the POD
method can also be based on snapshots taken from the frequency domain (see [13]). For
the second-order system (1) this results in sampling (K − µ2M)−1u for various inputs u
and frequencies µ within the frequency domain of interest. This method is sometimes
referred to as frequency POD. In some later papers it is also referred to as poor man’s
balanced truncation.
3.3 Model reduction in the FEM modelling domain
In [3] an extensive overview of numerous methods for model reduction of second-order sys-
tems with various references to literature can be found. Though the book mainly focuses
on dynamic condensation techniques from the finite element modelling domain, it also in-
cludes in its appendices some information about and references to methods from systems
and control theory, namely POD and balancing. Krylov methods are not mentioned.
There are numerous FEM reduction methods, such as Guyan reduction, Craig-Bampton,
dynamic substructuring, Improved Reduction System method (IRS) and System Equiva-
lent Reduction Expansion Process (SEREP). Many FEM reduction methods explore the
6
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idea to divide the degrees of freedom into masters degrees of freedom and slaves degrees
of freedom. The masters degrees of freedom will be kept in the model reduction; whereas
the slave degrees of freedom will be removed. These model reduction methods do not lead
to error bounds. In the next paragraphs the generalized coordinate reduction method and
Ritz methods are presented, which do not explore this idea.
In generalized coordinate reduction the columns of the transformation matrix T are the
relevant mode shapes of the FEM (1). The mass and stiffness matrices of the resulting
reduced system (2) are diagonal. The issue is to find the relevant mode shapes for the
aeroelastic appication. In practice the mode shapes with relatively small frequencies are
taken.
The Ritz methods are summarised in Section 12.2.2 of [3]. The quasi-static Ritz vector
method, proposed in [14] is defined as follows. Let u be a loading vector and let ωc be a
positive real number, which is referred to as the centering frequency. Define vˆ1 by
vˆ1 = (K − ω2cM)−1u.
The first quasistatic Ritz vector v1 is now obtained by mass normalisation:
v1 =
vˆ1√
vˆT1Mvˆ1
.
The following quasistatic vectors v2, v3, . . . , vm are defined iteratively by
v˜i = (K − ω2cM)−1Mvi−1, vˆi = v˜i −
i−1∑
j=1
(vTj Mv˜i)vj, vi =
vˆi
(vˆTi Mvˆi)
1/2
,
in which the last two equations concern the Gram-Schmidt mass-orthonormalisation of
the vector v˜i with respect to the basis {v1, . . . , vi−1}. In [14] also multiple load patterns
are described, which may depend on the centering frequency ωc.
The Krylov and Ritz methods are strongly related. It can be seen that the Krylov
methods and quasi-Ritz vectors span the same (Krylov) subspace with the input matrix
B in (3) equal to the load vector u. The main difference is that the Krylov basis in
the quasi-static Ritz vector method is mass-orthonormalised, whereas with the Krylov
method the resulting Krylov basis is orthonormalised. This orthonormality is used to
prove the moment matching property of the Krylov method. It can also be seen that the
frequency POD is like a quasistatic Ritz vector algorithm of order 1 applied at various
centering frequencies with different loadings.
4 CASE STUDIES OF MODEL REDUCTION
4.1 Introduction
The Krylov method, POD method, and generalised coordinate reduction method have
been selected for implementation in NLR’s Model Order Reduction for Structural Appli-
cations (MORSA) tool.
The model reduction methods have been applied on the following models:
7
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1. the well-known AGARD wing model for out of plane direction,
2. a dynamic FEM with a common number of degrees of freedom for an F-16 with
empty wing configuration,
3. a dynamic FEM with a common number of degrees of freedom for an F-16 with
heavy stores,
4. a dynamic FEM with a large number of degrees of freedom for an F-16 (dyn-cgFEM).
4.2 Illustrative results
The POD method has been used to reduce the AGARD model to order 8. The snapshots
were generated with a single input force exerted in the out of plane direction. The results
of the reduction are shown in the figures 2, 3, and 4.
Figure 2: AGARD model and its reduction: comparison of mode frequencies.
Figure 2 shows that first 5 mode frequencies of the AGARD model and of the reduced
model are matching. The 6th mode frequency of the reduced model is in between the 6th
and 7th mode frequencies of the AGARD model.
Figure 3 shows the mode shapes of the first, fourth, and eighth mode (in the columns)
for the AGARD model (row 1) and the reduced model (row 2). It can be seen that the
first and fourth mode shapes are matching, whereas the eighth mode shapes are not.
In a tabular form the results are shown in figure 4 as PE and CCFMV values. Besides these
results it has been noticed that a mode of the original AGARD Wing FEM corresponding
to vibration in the horizontal plane was not covered by the reduced order model, which
is consistent with the direction of the applied force.
Some results on the dynamic model for the empty wing F-16 configuration were obtained
for both POD and Krylov methods around the interpolation point zero. The POD meth-
ods was applied on 48 shapshots. For the POD method the force was generated out of
plane on the wings; for the Krylov vector the start vector represented out of plane forces
at the wings. For both methods both symmetric loads and asymmetric loads were tested.
Reduced modes and original modes were compared by comparing only nearest modes.
The comparison was in terms of PE and CCFMV. The results are shown in figures 5
and 6. The green modes are the kept original modes. The original modes 2, 3, and 4
are aerodynamically efficient (cf. Section 2.3. The next aerodynamically efficient original
mode is number 14.
8
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Figure 3: AGARD model and its reduction: comparison of mode shapes.
Figure 4: AGARD model and its reduction: comparison in tabular form.
Figure 5: Dynamic model for empty wing F-16 configuration: results of POD model reduction.
It can be concluded that
• for the POD method a mixture of symmetric and asymmetric loading should be
carried out,
• the Krylov method seems to recover the first modes up to half the order of the
9
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Figure 6: Dynamic model for empty wing F-16 configuration: results of Krylov model reduction.
reduced model,
• the Krylov method seems to perform better than the POD method in the recovery
of the modes with the lowest frequencies,
• in both Krylov and POD methods there is a tendency to recover the aerodynamically
efficient modes, but there is no recovery of aerodynamically efficient modes only.
Several other numerical experiments have been carried out on the other models, which
supported these conclusions and yielded additional results.
4.3 Specific conclusions from the case studies
To keep the order the reduced model low, the Krylov method has been applied with
specific input, namely with out of plane loading on the wings only as input. In the cases
considered this approach hardly decreased the order of the reduced model compared with
the Krylov method with arbitrary loading. The reason is that the out of plane loading on
the wings only omits the mode shapes with zero components in the out-of-plane direction,
but the number of such modes appeared to be very small (often even zero) in the flutter-
sensitive cases. The Krylov method with specific loading might be more relevant for other
flutter mechanisms such as flutter of ventral fins.
The POD method seems to be less efficient than the Krylov method. The method gives
the user more freedom in the choice of input parameters for the reduction method without
clear guidance on the choice of these parameters. In the cases considered, the order of
the reduced model was even more than for the Krylov method, and, moreover, the risk of
missing essential behaviour in the reduced model was even higher.
The present study also allows for conclusions on some methods to reduce the number
of modes a posteriori. Firstly, three criteria have been defined in Section 2.2 to analyse
whether a mode of the reduced model corresponds to a mode of the original model. These
criteria might be applied to reduce the number of modes. However, none of these three
criteria is fully compatible with the usual PE and CCFMV criteria that may be applied
if the modes of the original model are known, which is usually not the case. On the other
hand, the PE and CCFMV criteria are also not standardised, though they are frequently
10
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applied. Secondly, the aerodynamic normal efficiency of the modes of the reduced model
may be used to select the modes from the reduced model. The lower bound for relevant
modes deserves more attention, in particular, more flutter-sensitive configurations should
be studied than the heavy-store configuration only.
Finally, through efficient numerical procedures exploring the sparsity of the matrices,
the turn-around of generalised coordinate reduction, Krylov methods, and POD methods
appeared be in the order of minutes for the large dynamic FEM, which is acceptable.
5 FLUTTER ANALYSIS
A flutter analysis concerns dynamic stability properties of a coupled aerodynamic-structural
dynamic system. The analysis is intended to address the characteristics of the first dy-
namic instability which occurs with an increasing dynamic pressure, or in case of constant
altitude, with an increasing flight speed. In the present exercise linear flutter analysis em-
ploying unsteady aerodynamics based on linear lifting surface theory is presented.
A linear flutter analysis in the frequency domain can be carried out using the aeroelastic
module of NASTRAN or using AESIM-BASIC ( [15]). Flutter analyses are carried out for
the baseline system and the reduced system. The data for the reduced system are in the
form of matrices which can not be handled using NASTRAN. Therefore AESIM-BASIC
is applied.
The ph-method of AESIM-BASIC is used to solve the flutter equation. The ph-method
belongs to the class of pk-methods where the structural motion may be general (σ 6= 0)
but the aerodynamic force is still kept purely oscillatory. An iteration is required to match
the ω of the motion and k used for calculating the aerodynamic force. The most important
feature of ph-method is the consistency between the air density, the flight speed and the
Mach number, also called a matched condition. These parameters are computed directly
for a given altitude (h) through a standard atmosphere model.
Results of flutter analyses based on the dyn-cgFEM model are now discussed for which
AESIM-BASIC is used. Results on the common size dynamic FEM models for the heavy
store configuration have also been obtained, but are not presented in this paper. These
results are relevant to save a significant amount of time during stores certification.
The dyn-cgFEM model represents the aircraft structure to a high degree of physical
realism. This means that the wing has thickness, etc.. Appropriate reduction methods for
such models would allow for efficient generation of structural models for flutter analysis.
The aerodynamic model is based on the lifting surface method. Therefore, a subset of the
degrees of freedom of the dyn-cgFEM model is needed to define the deformation of the
aerodynamic panels. A selection of the nodes of the dyn-cgFEM model which are used as
the fluid-structure nodes is shown in Figure 7 together with a characteristic wing bending
mode.
The comparison of the results of the flutter analysis for the baseline model and the reduced
model, resulting from order 30 Krylov reduction, is shown in Figure 8. A very good
agreement is obtained between the results. The flutter speeds and flutter frequencies have
been computed applying 8, 15, and 20 modes from the reduced model. The results with
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respect to the baseline model using 15 modes are [VF/VFbaseline,fF/fFbaseline] = [0.9954,1.00]
(8 modes), [0.9959,1.00] (15 modes), and [0.9964,1.00] (20 modes).
The results are quite invariant with respect to the number of modes involved in the flutter
analysis. The correct flutter mode, composed of coupled anti-symmetric bending and anti-
symmetric torsion of the wing, is also obtained using the reduced model. Figure 9 shows
an example of the flutter mode obtained from flutter analysis with the reduced model
using 20 modes.
The flutter diagram based on the results of an order 15 Krylov reduction shows however
different trends compared to flutter diagram based on the baseline model and order 30
Krylov reduction, see Figure 10. It can be seen that important modes contributing to the
flutter mode are not reproduced by the reduced model. This leads to an inaccuracy in
modelling the flutter instability.
Based on the results presented in this section it may be concluded that the reduction
method performs well as long as the order of reduction is sufficient. This requires a
judgement from the users.
Figure 7: Overview of nodes of the dyn-cgFEM model which are used as the fluid-structure-interface
nodes to define deformation of the aerodynamic model (wing bending mode).
6 CONCLUSIONS AND RECOMMENDATIONS
The present study concerns mathematical model reduction methods to reduce stuctural
dynamic models for the novel application in aeroelastics. A structural airframe update of
the F-16 of the Royal Netherlands Air Force (RNLAF) is analysed, namely the replace-
ment of metal parts of the wing by composite substitutes. To analyse the aeroelastic
consequences of such an update, the structural dynamic model is reduced so that the
number of degrees of freedom is sufficiently low for subsequent use in aeroelastic analysis.
Model reduction of a structural dynamic model inherently means loss of information. In
the present report several criteria on model reduction methods have been developed and
evaluated to ensure that the reduced model still describes the behaviour that is essential
for subsequent aeroelastic analysis.
To obtain suitable model reduction methods, a review of the mathematical model reduc-
tion methods has been made. From this review, the Krylov method, generalised coordi-
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Figure 8: Good agreement is achieved between the baseline and reduced models of the dyn-cgFEM for
the results of order 30 reduction method.
Figure 9: Example of flutter mode at Mach = 0.9 of the reduced model dyn-cgFEM for the results of
order 30 reduction method, using 20 modes.
nate reduction method, and proper orthogonal decomposition (POD) method have been
selected. These methods have been evaluated on a range of structural dynamic models,
starting with models with a small number of degrees of freedom and ending with the
dynamic cgFEM model for the F-16 with many degrees of freedom. The model reduc-
tion code that has been used in the study has been made available in the Model Order
Reduction for Aerospace Structural Applications (MORSA) tool.
Flutter analysis has been carried out with reduced models obtained by reducing both an
F-16 structural dynamics model with a common number of degrees of freedom and an
F-16 structural dynamics model with a large number of degrees of freedom.
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Figure 10: Comparison of flutter diagram based for the baseline, order 30 reduction and order 15 re-
duction. The order 15 reduction shows deficiency in modelling important modes resulting in
failure to reproduce the flutter mechanism.
For the verification case with a common number of degrees of freedom the selected methods
work robustly and can be used as a black-box tool. The flutter results, speed, frequency
and vibrational shape, are almost invariant to the selected strategy. The reduced model
shows the same flutter behaviour as the baeline model on the basis of the same flutter
modes. No essential flutter modes are lost by the reduction.
For the benchmark case with a large number of degrees of freedom, the method can not be
used as a black-box tool and requires user intervention to obtain correct results. Therefore
there exists a driving need to build up further experience with the mathematical model
reduction methods as there is a tendency for growing number of degrees of freedom in the
computational models.
Besides the growing number of degrees of freedom, there is also a tendency that mod-
ern structural models are more and more able to represent complex behaviour such as
non-proportional damping and nonlinear behaviour. This complexity needs a specific
treatment in model reduction. The present study provides a firm basis to start the devel-
opment of the capabilities to reduce modern structural dynamic models.
ACKNOWLEDGEMENTS
The research outlined in this paper is obtained within a National Technology Project
(NTP), which is partly funded by the Ministry of Defence under contract number N06/019
”Wing Composites” and partly funded by the NLR within the programmatic research
”Kennis voor Beleid en Toepassing”. The contributions of many colleagues at NLR to
this project and the guidance of the project supervisors from the Royal Netherlands Air
Force (RNLAF) are gratefully acknowledged.
14
  
NLR-TP-2009-229 
  
 17 
 
7 REFERENCES
[1] Eussen, B. J., Hounjet, M. H., van Muijden, J., et al. (2009). Roadmap of the
activities and objectives of the NTP Wing Composites Program. Paper IFASD-
2009-081.
[2] van Tongeren, J., Prananta, B. B., Hounjet, M. H., et al. (2009). Development of
a fighter aircraft aeroelastic model based on an existing global-stress FEM. Paper
IFASD-2009-036.
[3] Qu, Z.-Q. (2004). Model Order Reduction Techniques. Springer Verlag.
[4] Antoulas, A. C. (2005). Approximation of Large-Scale Dynamical Systems. SIAM
Advances in Design and Control. SIAM.
[5] Sorensen, D. C. and Antoulas, A. C. (2005). On model reduction of structured sys-
tems. In D. C. S. Peter Benner, Volker Mehrmann (Ed.), Dimension Reduction of
Large-Scale Systems, vol. 45 of Lecture Notes in Computational Science and Engi-
neering. Springer Verlag, pp. 117–130.
[6] Chahlaoui, Y., Gallivan, K. A., Vandendorpe, A., et al. (2005). Model reduction of
second-order systems. In D. C. S. Peter Benner, Volker Mehrmann (Ed.), Dimension
Reduction of Large-Scale Systems, vol. 45 of Lecture Notes in Computational Science
and Engineering. Springer Verlag, pp. 149–172.
[7] Mehrmann, V. and Stykel, T. (2005). Balanced truncation model reduction for large-
scale systems in descriptor form. In D. C. S. Peter Benner, Volker Mehrmann (Ed.),
Dimension Reduction of Large-Scale Systems, vol. 45 of Lecture Notes in Computa-
tional Science and Engineering. Springer Verlag, pp. 83–115.
[8] Stykel, T. (2006). Balancing-related model reduction of descriptor systems. In Pro-
ceedings of the 6-th International Conference on Scientific Computing in Electrical
Engineering (SCEE 2006). pp. 17–18.
[9] Bad´ıa, J. M., Benner, P., Mayo, R., et al. (2006). Balanced truncation model reduc-
tion of large and sparse generalized linear systems. Tech. rep., Technical University
Chemnitz.
[10] Li, R.-C. and Bai, Z. (2005). Structure-preserving model reduction using a Krylov
subspace projection formulation. Comm. Math. Sci., 3(2), 179–199.
[11] Salimbahrimi, B. and Lohmann, B. (2006). Order reduction of large-scale second-
order systems using Krylov subspace methods. Linear Algebra and Its Applications,
415, 385–405.
[12] Rudnyi, E. B. and Korvink, J. G. (2006). Model order reduction for large scale finite
element engineering models. In J. P. P. Wesseling, E. Onate (Ed.), Proceedings of
the European Conference on Computational Fluid Dynamics ECCOMAS CDF 2006.
[13] Willcox, K. and Peraire, J. (2002). Balanced model reduction via the proper orthog-
onal decomposition. AIAA Journal, 40(11).
15
  
NLR-TP-2009-229 
  
 18 
 
 
[14] Gu, J., Ma, Z.-D., and Hulbert, G. (2000). A new load-dependent Ritz vector method
for structural dynamics analyses: Quasi-static Ritz vectors. Finite Elements in Anal-
ysis and Design, 36(3-4), 261–278.
[15] Hounjet, M. and Eussen, B. (2003). Efficient aero-elastic analysis. In International
Forum on Aeroelasticity and Structural Dynamics, Amsterdam. Paper NL-07.
16
